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Abstract
We construct arcs in inversive planes of prime order p, and show that these arcs are complete
provided that p is su0ciently large.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
This paper concerns arcs in the inversive planeM(q) arising from an elliptic quadric
S of PG(3; q), where q=ph, and p is an odd prime integer. Recall that an arc of
size k (brie<y, a k-arc) is a set of k points no four of which lie on the same circle.
An arc of M(q) is said to be complete if it is not contained in a larger arc of M(q).
The existence problem for an innite family of complete arcs in Miquelian inversive
planes has been solved in [5], where a complete 13 (q + 5)-arc in M(q), q odd is
constructed.
Here we construct some other innite families of complete arcs in Miquelian in-
versive planes of large prime order. Our results are summarized in the following two
theorems:
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Theorem 1. For any prime integer p¿1:24× 108 the Miquelian inversive planeM(p)
contains a complete ((p+ 17)=4)-arc.
Theorem 2. Let p be any prime integer, p¿5:8× 1010. Then the Miquelian inversive
planeM(p) contains complete (m+3+k)-arcs for all m such that (p+2)=4¿m¿(p−
6)=14 and k = (p+ 8)=(2m+ 2) − 2.
2. Construction
For the nite Miquelian inversive plane M(p) we adopt the classical model arising
from an elliptic quadric S of PG(3; p). Then, a k-arc of M(p) is just a (projective)
k-arc of PG(3; p) lying on S, and completeness of a k-arc K in M(p) means that
no (projective) arc lying on S properly contains K. Now we consider a quartic curve
C dened as the complete intersection of S with a quadratic cone 
 having vertex on
S. Since the maximum number of coplanar points on C is four, C itself is not an arc.
It seems plausible, however, that C does contain some large arcs, although no result
from classical geometry seems to give a hint on how to nd them. This is the reason
why we start by setting up some ways of choosing a possibly large number of points
on C so that no four of them are coplanar.
To obtain a suitable representation for C=S∩
, assume a projective frame
(X; Y; Z; T ) in PG(3; p) such that
S : X 2 − sY 2 =ZT
with a xed non-square element s∈GF(p), and dene

 : YT =X 2:
Then
C= {(X; X 2; X 2 − sX 4; 1)}∪ {(0; 0; 1; 0)}:
Hence, X∈GF(p) can be regarded as the parameter of a point P ∈C\{Z∞}, where
Z∞=(0; 0; 1; 0), and P(X ) will denote the point of parameter X in C\{Z∞}.
Lemma 2.1. Four distinct points P(x1); P(x2); P(x3); P(x4)∈C\{Z∞} are on the same
circle not through Z∞ if and only if their parameters satisfy the following congruence:
x1 + x2 + x3 + x4≡ 0 (modp): (1)
Proof. We work on the plane model of M(p) which is obtained by stereographic
projection from Z∞ onto the XY plane (see [2, Section 16:3]). Points of M(p) with
the exception of one, say ∞, are points of the XY plane, and circles fall into two
classes:
(i) lines of , representing circles of M(p) passing through ∞;
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(ii) circles with equation
(X − a)2 − s(Y − b)2 = r; (2)
a; b; r ∈GF(p), r =0, representing circles of M(p) not containing the point ∞.
Note that a point P(x)∈C is the point P(x; x2) in the plane XY; thus, for any circle
S of M(p) with Eq. (2), P(x) lies on S if and only if
sx4 − (2sb+ 1)x2 + 2ax − a2 + sb2 + r≡ 0 (modp): (3)
Now take four distinct points P(x1), P(x2), P(x3) and P(x4) lying on C. If they are
on S then (1) holds, because the coe0cient of x3 in (3) is zero.
To prove the converse, suppose that S is circle through the points P(x1), P(x2)
and P(x3). Then each of the elements x1, x2 and x3 satises (3). It turns out that
Eq. (3) admits a further solution in GF(p), which actually is x4 by (1). This yields
P(x4)∈ S.
Condition (1) leads to the concept of a 4-independent subset in an abelian group,
which generalizes the analogous concept for projective arcs used in [3,6,1]:
Let G be an (additively written) abelian group. A subset H ⊂G is called
4-independent if
x1 + x2 + x3 + x4 =0
for every four distinct elements of H. A 4-independent set is called maximal if it is
not contained in a larger 4-independent set.
Henceforth, G will be the additive group of GF(p). By Lemma 2.1 a set of
points K on C\{Z∞} is an arc if and only if their parameters form a 4-independent
set H in G. Furthermore, no point on C\{Z∞} can be added to K if and only if H
is maximal.
Now we construct some families of maximal 4-independent sets in G.
Lemma 2.2. Let p be an odd prime and n= (p + 1)=4. The set H = {−1; 0; : : : ; n;
n+ 1} is a maximal 4-independent subset of the additive group of GF(p).
Proof. An easy computation shows that H is 4-independent. To prove that H is max-
imal, we nd for all t =∈H distinct elements x1; x2; x3 ∈H such that
x1 + x2 + x3 + t≡ 0 (modp):
We prove the statement only for p≡ 3 (mod 4); the other cases can be proved using
the same argument. Set p=4n− 1.
If n+ 26t62n− 1, let x1 = n+ 1 and x2 = n. Since 3n+ 36x1 + x2 + t64n, there
exists x3 ∈H\{x1; x2} such that x1 + x2 + x3 + t≡ 0 (modp).
If 2n6t63n− 1, let x1 = n+ 1 and x2 =−1. Since 3n6x1 + x2 + t64n− 1, there
exists x3 ∈H\{x1; x2} such that x1 + x2 + x3 + t≡ 0 (modp).
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If 3n6t64n− 3, let x1 = 0 and x2 =−1. Since 3n− 16x1 + x2 + t64n− 4, there
exists x3 ∈H\{x1; x2} such that x1 + x2 + x3 + t≡ 0 (modp).
Note that Lemma 2.2 gives the largest possible 4-independent set of the additive
group of GF(p); its size is (p+ 13)=4. We have then the following result.
Lemma 2.3. The quartic curve C contains a (p+13)=4-arc K such that no further
point of C\{Z∞} can be added to K.
Let m be an integer such that (p + 2)=4¿m¿(p − 6)=14, and n= (p + 8)=
(2m+ 2) − 2. Note that n is at most 5. We construct the following sets:
H 1 = {−1; : : : ; m}∪ {p− 3m+ 2}
H 2 = {−1; : : : ; m}∪ {p− 3m+ 2; 3m}
H 3 = {−1; : : : ; m}∪ {p− 3m+ 2; 3m;p− 5m}
H 4 = {−1; : : : ; m}∪ {p− 3m+ 2; 3m;p− 5m; 5m+ 2}
H 5 = {−1; : : : ; m}∪ {p− 3m+ 2; 3m;p− 5m; 5m+ 2; p− 7m− 2}.
Lemma 2.4. Hn is a 4-independent set of size m+ 2 + n.
Proof. Set
H1 = {−1; : : : ; m}
H2 = {3m; 5m+ 2 | as many of them as there are in Hn}
H3 = {p− 3m+ 2; p− 5m;p− 7m− 2 | as many of them as there are in Hn}.
Now take four elements a1; a2; a3; a4 ∈Hn =H1 ∪H2 ∪H3.
If a1; a2; a3; a4∈H1, then a1 + a2 + a3 + a4¿ − 1 + 0 + 1 + 2=2, and a1 + a2 +
a3 + a46m+ m− 1 + m− 2 + m− 3=4m− 6¡p− 4.
If a1; a2; a3 ∈H1, a4 ∈H2 or a4 ∈H3, then a1 + a2 + a3 + a4¿0, and a1 + a2 +
a3 + a46m+ m− 1 + m− 2 + p− m+ 4− 1(2m+ 2)=p− 1.
If a1; a2∈H1, a3; a4 ∈H2, thus (p − 6)=146m¡(p − 2)=10; then a1 + a2 +
a3 + a4¿−1 + 0 + 3m + 5m + 2=8m + 1¿0, and a1 + a2 + a3 + a46m + m − 1 +
3m+ (5m+ 2)=10m+ 1¡p− 1:
If a1; a2∈H1, a3; a4 ∈H3, thus (p − 6)=146m¡p=8; then a1 + a2 + a3 + a4¿
− 1 + 0 + (p − 5m) + (p − 7m − 2)=2p − 12m − 3¿p; when (p − 6)=146
m¡(p − 4)=12; or a1 + a2 + a3 + a4¿−1 + 0 + (p − 3m + 2) + (p − 5m)=
2p − 8m + 1¿p; when (p − 4)=126m¡p=8; and a1 + a2 + a3 + a46m + m − 1 +
(p− 3m+ 2) + (p− 5m)= 2p− 6m+ 1¡2p:
If a1; a2∈H1, a3 ∈H2, a4 ∈H3, then −16a1 + a262m − 1 and a3 + a4 =p + 2 −
l(2m+2); thus a1 + a2 + a3 + a4 can only be p. But then a1 + a2 = l(2m+2)− 2 and
l is an integer, which is a contradiction.
If a1 ∈H1, a2; a3 ∈H2, a4 ∈H3, then a1 + a2 + a3 + a4¿−1 + 3m + (5m + 2) +
(p − 3m + 2 − l(2m + 2))=p + 5m + 3 − l(2m + 2)¿p; where l=0; 1 or 2, and
a1+a2+a3+a46m+3m+(5m+2)+(p−3m+2−l(2m+2))=p+6m+4−l(2m+2)¡2p:
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If a1 ∈H1, a2∈H2, a3; a4 ∈H3, thus (p − 6)=146m¡p=8; then a2 + a3 + a4 =
2p− 5m+ 2 or 2p− 7m. Both of them give a contradiction.
If a1 ∈H1, a2; a3; a4 ∈H3, thus (p − 6)=146m¡(p − 4)=12, then a2 + a3 + a4 =
(p− 3m+ 2) + (p− 5m) + (p− 7m− 2)=3p− 15m: It follows then, that a1 + a2 +
a3 + a4 is between 2p and 3p.
If a1; a2∈H2, a3; a4 ∈H3, then a1 + a2 + a3 + a4 = 2p+ 4; 2p− 2m+ 2 or 2p− 4m.
All of them give a contradiction.
If a1 ∈H2, a2; a3; a4 ∈H3, thus (p − 6)=146m¡(p − 4)=12, then a1 + a2 + a3 +
a4 = 3p− 12m or 3p− 10m+ 2: Both of them are between 2p and 3p.
Note that n=1 in Lemma 2.4 gives the size of H as in Lemma 2.2. To prove
the maximality of the 4-independent set H of Lemma 2.4, we observe that for any
integer u such that −16u62m − 1 there exist integers x1 and x2 ∈H1, x1 = x2, such
that x1 + x2 = u.
Lemma 2.5. The 4-independent set H of Lemma 2:4 is maximal.
Proof. To prove maximality, we need to nd for all t =∈H distinct elements x1; x2; x3
∈H such that x1 + x2 + x3 + t≡ 0 (modp).
If m+ 16t63m− 1, let x3 =p− 3m+ 2. Since p− 2m+ 36t + x36p+ 1, there
exist x1; x2 ∈H1\{x3}, x1 = x2, for which x1 + x2 + x3 + t≡ 0 (modp).
If m− 2 + (l− 1)(2m+ 2)¡t¡m− 2 + l(2m+ 2), let x3 =p−m+ 4− l(2m+ 2).
Since p−2m62m−4+n(2m+2)¡t+x3¡p+2, there exist x1; x2 ∈H1\{x3}, x1 = x2,
for which x1 + x2 + x3 + t≡ 0 (modp).
If n is even and m − 2 + (n=2)(2m + 2)¡t¡p − m + 4 − (n=2)(2m + 2), let
x3 =m− 2+ (n=2)(2m+2). Since p− 2m62m− 4+ n(2m+2)¡t + x3¡p+2, there
exist x1; x2 ∈H1\{x3}, x1 = x2, for which x1 + x2 + x3 + t≡ 0 (modp).
If n is odd and m− 2 + ((n− 1)=2)(2m+ 2)¡t¡p−m+ 4− ((n+ 1)=2)(2m+ 2),
let x3 =p−m+4− ((n+1)=2)(2m+2). Since p− 2m¡t+ x3¡2p− 2m+8− (n+1)
(2m + 2)6p + 2, there exist x1; x2 ∈H1\{x3}, x1 = x2, for which x1 + x2 + x3 + t≡ 0
(modp).
If p−m+4− (j+1)(2m+2)¡t¡p−m+4− j(2m+2), let x3 =m−2+ j(2m+2).
Since p− 2m¡t+ x3¡p+2, there exist x1; x2 ∈H1\{x3}, x1 = x2, for which x1 + x2 +
x3 + t≡ 0 (modp).
If p− 3m+ 2¡t¡p− m+ 2, let x3 =m. Since p− 2m+ 2¡t + x3¡p+ 2, there
exist x1; x2 ∈H1\{x3}, x1 = x2, for which x1 + x2 + x3 + t≡ 0 (modp).
If p− m+ 26t¡p− 1, let x3 =−1. Then there exist x1; x2 ∈H1\{x3}, x1 = x2, for
which x1 + x2 + x3 + t≡ 0 (modp).
From Lemmas 2.4 and 2.5 we obtain the following result.
Lemma 2.6. Let m be an integer such that (p + 2)=4¿m¿(p − 6)=14; and
n= (p+8)=(2m+2)− 2. Then, the quartic curve C contains an (m+2+ n)-arc K
such that no further point of C\{Z∞} can be added to K.
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3. Completeness
We need the following lemma.
Lemma 3.1. For a positive integer ‘¡p let
D= {P(x; x2) | 06x6‘; x∈GF(p)}:
If
‘¿p
√
2 + (2
√
p+ 4) ln2p
√
p+ 1
; (4)
then the chords of D cover all the a=ne points of AG(2;p); except those lying on
the parabola.
The proof of this lemma depends on the two-dimensional version of Smith’s
theorem [4].
Theorem 3 (Smith [4]). Let p be an odd prime integer, and denote by C the set
of points x=(x; y) satisfying 06x6p; 06y6p. De?ne the subset B consisting of
the points x∈C satisfying 06v16x¡v1 + h16p and 06v26y¡v2 + h26p. Let
f(X) be a polynomial in 2 variables, with X=(X; Y ); denote by N (B) the number
of x∈B for which f(x)≡ 0 (modp); and by N (C) the number of x∈C for which
f(x)≡ 0 (modp). Then
N (B)=
|B|
|C|N (C) +
1
|C|
∑
c∈C∗
S2(f; c)Ec(B); (5)
where C∗=C\{(0; 0)};
Ec(B)=
∑
a∈B
e(2i=p)(−a·c);
S2(f; c)=
∑
f(x)=0
e(2i=p)(−c·x);
a · c and c · x denote the usual inner product.
In applying Smith’s theorem, an upper bound for the expression on the right-
hand side of (5) is needed. For this reason we state the following Lemmas 3.2 and
3.3 (see [4]).
Lemma 3.2. If p¿59 then
∑
c∈C∗
|Ec(B)|6p2 ln2p:
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Lemma 3.3. Let f(X ) and ’(X; Y ) be polynomials over GF(p); with deg’=d1;
degf=d2; 16d1¡p; and 16d2¡p. Further, suppose that ’(X; Y ) has no linear
factors. If
S(f;’)=
∑
’(X;Y ) = 0
e(2i=p)f(X );
then
|S(f;’)|6(d21 + 2d1d2 − 3d1)
√
p+ d21 :
In our case f(X; Y )= c1X + c2Y for some c=(c1; c2). To be able to use Lemma
3.3, f will be transformed into a function of one variable. If c2 = 0, then f is already
such a function. Otherwise we apply a non-singular linear transformation
t(X; Y )= (U; V )= (c1X + c2Y; X ):
Let f′(U ) and  ′(U; V ) be the images of f(X; Y ) and  (X; Y ): A linear transformation
does not change the number of linear factors of  , thus  ′(u; v) has no linear factors
either. Now deg  ′=d1 = 2 and degf′=d2 = 1; so
S2(f; c)6(4 + 2 · 1 · 2− 3 · 2)√p+ 4=2√p+ 4:
Further,
N (B)¿
‘2
p2
(p+ 1)− 1
p2
(2
√
p+ 4)p2 ln2p: (6)
Now we can prove Lemma 3.1. Let P1(x1; x21 ) and P2(x2; x
2
2 ) be two distinct points
of D, and P(x; y) be any point of AG(2;p)\C. The collinearity of P1, P2 and P gives
the condition x(x1 + x2)− x1x2 − y=0; therefore it remains to estimate the number of
solutions of the equation
x(X + Y )− XY − y=0; (7)
such that 06X¡‘ and 06Y¡‘:
According to Bezout’s theorem, the conic with Eq. (7) meets the line Y =X in
at most two points, thus it contains a point P(X; Y ), X =Y , in the required interval,
provided that the number on the right-hand side of inequality (6) is bigger than 2. This
implies (4), and hence Lemma 3.1 follows.
We are now able to prove our theorems. Take ‘ as (p + 13)=4 for the arc in
Lemma 2.3, and as (p−6)=14+1 for the arcs in Lemma 2.6. Then a straightforward
computation shows that (4) holds, and hence Lemma 3.1 implies that Z∞ is the only
point which can be added. Combining this with Lemmas 2.3 and 2.6, Theorems 1 and
2 follow.
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